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Recently Lindzen (1974) has proposed a model of a shear-layer instability which
allows unstable modes to co-exist with radiating internal gravity waves. The
model is an infinite, continuously stratified, Boussinesq fluid, with a simple jump
discontinuity in the velocity profile. Linear stability theory shows that the model
is stable for wavenumbers & such that k? < N2/2U2, where N is the Brunt—
Viisild frequency and 2U is the change in velocity across the discontinuity.
For N2/2U? < k? < N?/U? an unstable mode may co-exist with an internal
gravity wave. This paper examines the weakly nonlinear aspects of this model
for wavenumbers k close to the critical wavenumber N/2tU. An equation govern-
ing the evolution of the amplitude of the interfacial displacement is derived.
It is shown that the interface may support a stable finite amplitude internal
gravity wave.

1. Introduction

Clear-air turbulence is generally attributed to the Kelvin--Helmholtz instability
of shear layers (q.v. Atlas et al. 1970; or review by Dutton & Panofsky 1970).
Recently, however, Lindzen (1974) has drawn attention to the fact that some
observations show the existence of internal gravity waves in the neighbourhood
of shear layers (q.v. review by Ottersten, Hardy & Little 1973). Consequently
Lindzen was led to consider a model of a shear layer which consisted of a simple
jump discontinuity in velocity embedded in an infinite, continuously stratified,
Boussinesq fluid. Such a model allows internal gravity waves to propagate
away from the shear layer, and Lindzen has suggested that the energy flux
associated with these waves may inhibit instability in the shear layer. Indeed,
using linearized stability theory, Lindzen showed that, for a basic velocity
discontinuity 2U and Brunt-Viisild frequency &V, perturbations with horizontal
wavenumbers k are unstable when k2 > N2/2U2. For k? < N?/U?, however, there
also exists a neutral mode, or internal gravity wave. Thus Lindzen’s model
contains the interesting feature that an unstable mode may co-exist with an
internal gravity wave. The implications of this for the energetics of the shear
layer require a comprehensive discussion of nonlinear effects; conclusions based
solely on the wave energy flux associated with the outwardly propagating waves
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Fiaure 1. The basic velocity profile and co-ordinate system.

vis-d-vis the growth in energy of the unstable modes are likely to be erroneous
(McIntyre & Weissman 1976). In the present paper we shall be concerned with
just one aspect of the nonlinear effects. We propose to examine the weakly non-
linear regime associated with a single wavenumber k which is close to the critical
wavenumber N/23U. Although modes with larger wavenumbers have faster
growth rates, our hope is that the calculations presented here will throw some
light on the nonlinear aspects of Lindzen’s model. This hope is bolstered a little
by the observations recorded in §4 (the same observations as were analysed by
Lindzen), which show that the observed wavenumbers are close to the critical
wavenumber. However, other observations (e.g. Metcalf & Atlas 1973) have
indicated much larger wavenumbers, and it is well known that the Richardson
number associated with the width of the shear layer is a crucial parameter for
discussing clear-air turbulence. Lindzen’s model contains no such Richardson
number dependence. Nevertheless it is the simplest model possessing the feature
of internal gravity waves co-existing with unstable modes, and for this reason, we
propose to pursue its nonlinear aspects.

We shall assume that the basic state, in an infinite inviscid Boussinesq fluid,
has a constant Brunt—Viiséld frequency NV and a velocity, in the z direction, of
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+ U in 220 (figure 1). It will be assumed that there is no variation in the
y direction, as it may be shown that the stability criterion is independent of the
wavenumber in the y direction. We shall use non-dimensional variables, based
on a velocity scale U, a time scale N-! and a length scale UN-1; the reduced
pressure (i.e. the deviation of the pressure from its hydrostatic value) is scaled by
p1U?, where p, is a reference density. Then the equations of motion are (e.g.
Turner 1973, chap. 1)

u, +w, = 0, (1.1)

U+ U+ 0, = Fy = —uu,—wu, (1.2)
tw,+w+p,+r=F, = —uw,-ww, (1.3)
tr,+r—w=0=—ur —wr, (1.4)

Here u and w are the x and z components of the perturbed velocity, p is the re-
duced pressure and r is the buoyancy (i.e. g(p —p,)/p, scaled by UN, where p,(z)
is the density in the basic state). The equations have been written in a form in
which the linear terms are on the left-hand side and the nonlinear terms, repre-
sented by Fy;, F,, and G, are on the right-hand side. The symbols + indicate the
regions z 2 {, where z = { is the equation of the perturbed interface. If the
variables on the left-hand side are eliminated in favour of w, it follows that

Liw = M%, (1.5)
where L* are the linear operators
0 0 0 0 9\*(&* o2 02
e =, =l=—(=+t=) | —m=+—=]|-—
L (8t’ %’ 62) (8t + ax) (6x2+622) P (1.6)
and M+ are the nonlinear expressions
0% oF, _oR ¢ (0 0
= — (-7 ) —— -+ =
Ut =25 (G a T ax)+axaz (3ti3x) - (1.7)

The boundary conditions at the interface z = { are continuity of the pressure,
and the kinematic condition

Gl +tul,—w=0 at z=¢ (1.8)

We anticipate that { will be small, and expand these conditions in a Taylor
series about z = 0. Thus (1.8) becomes

G+l —w=H* at z=0+, (1.9)
where H+ are the nonlinear expressions

HE = {Gw,+ 38w, + 30+ .
_gxu—ch z_%gzgxuzz—“‘} at z2=0%. (1'10)

Using (1.1), we may write H+ in the alternative form
H ={— (u),— (4u), — (1), — .} ab 2= 0. (L.11)

The pressure condition becomes
[p)* = @, (1.12)
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where @ is the nonlinear expression

= —g[pz]i-— %gz[pzz]i-—%ga[pzzz]i e (113)
Here [p]t ete. denote the discontinuities in p ete. across z = 0.

The linearized equations, discussed by Lindzen (1974), are now obtained by
formally putting Fy, Fj,, G, Ht and @ equal to zero. Seeking solutions propor-
tional to exp {ik(x — ct)}, we find that

w=oaArexp{ik(x—ct)tintz} in 220, (1.14)
{ = ad exp {ik(x—ct)}. (1.15)

Here A+ and A are constant amplitudes, while « is a small parameter introduced
as an appropriate measure of the magnitude of {. We shall assume throughout
that % is positive. The constants nt are given by

(nt)% = (cF1)2—- k2 (1.16)

The appropriate branch of n* is selected by applying a radiation condition. In
linearized problems it is customary to obtain a radiation condition by requiring
the wave energy flux, or the group velocity, to be outward. However, in the non-
linear context of subsequent sections, conditions at infinity cannot be obtained
by considerations of wave energy flux alone. Instead, we shall require that our
solutions decay exponentially when ¢, (the imaginary part of c) takes small
positive values. This condition is motivated by considering an appropriate
initial-value problem. Lighthill (1960) has shown that in linearized problems this
condition is equivalent to conditions based on group-velocity criteria. Let

nt =nE4inE, c¢=c,+ic,. (1.17)
Then, our radiation condition for the solution (1.14) is either
nE>0 (1.18)
or nF =0, n¥ecF1)<0. (1.19)
Next, the linearized boundary conditions show that
A+ = —ik(cF1)4 (1.20)
and that ntc—1)24+n(c+1)2=0. (1.21)

This is the dispersion relation which determines ¢ as a function of k. The solutions

are
c=0 for 0<k?<1 (1.22)

and = (2k%)1—-1 for k%> 1} (1.23)

The solution (1.22) represents an internal gravity wave (stationary in the present
frame of reference); the restriction on k is obtained from the radiation condition
(1.19). (The vertical group velocity of this wave has magnitude (k2 — k%)}, and is
directed away from the interface in both media.) As it consists only of waves
propagating away from the interface, it may be regarded as a special case of
over-reflexion (Acheson 1976). The solution (1.23) is also an internal gravity
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wave for } < k2 < }; the lower bound on % is obtained from the radiation con-
dition (1.19), and implies that the phase speed ¢ is bounded by unity. This mode
was not discussed by Lindzen, who put ¢, equal to zero. For k2 > 1, the solution
(1.23) represents an unstable mode for which ¢, is zero and ¢; increases from zero
to unity as k2 increases from % to infinity. The critical wavenumber k, which
separates unstable modes from stable modes is given by

k2 = 4. (1.24)

2 =
The interesting feature of these solutions is the co-existence of internal gravity
waves with unstable modes when £ lies between &, and unity.

In the nonlinear analysis of subsequent sections, we shall consider wave-
numbers k close to the critical wavenumber k,. It is apparent from (1.23) that
c is approximately 2(k —k,)/k,. We anticipate that c; is O(a) and hence define

k= k(1+a%y), (1.25)

where v is O(1) with respect to the amplitude parameter . We shall attempt to
describe the nonlinear effects by allowing the amplitudes to evolve slowly in time,
on a time scale O(a~1). Thus we shall introduce the slow time variable

T = af, (1.26)

and allow the amplitude 4 to depend on 7'. This is a familiar feature of weakly
nonlinear stability calculations, and this technique has been applied to classical
Kelvin—Helmholtz problems by Drazin (1970). Away from the interface, this
slow time modulation will cause a slow modulation in space, and so we shall

introduce
Z = az, (1.27)

and allow 4+ to depend on 7' and Z. We note that c is zero when k = k,, and that
nt=4+k, when k==F, (1.28)

In §§2 and 3 we shall describe the weakly nonlinear analysis, and in §4 we shall
discuss the results of this analysis as it affects the evolution of the amplitude 4.
For reasons which we shall discuss in §3, the analysis will be carried through
to O(ad).

2. Weakly nonlinear theory

Motivated by the discussion at the end of the last section we are led to consider
solutions of the form

¢= "% &(T)explimkd}+c.c., (2.1)
w= s wy(T,2,Z) exp{imkx}+c.c. (2.2)

Here ¢, = f_m etc. These expressions, and the corresponding expressions for
%, r and p, are then substituted into the equations (1.5) and the boundary
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conditions (1.9) and (1.12). The result is, on equating like Fourier com-
ponents,

0 b /]
+ — 7 —_ _ — + >
L (a T imk, 8z+a3Z) w,=M%, 220, (2.3)
a—a§m+imk§ —w,=H%f 2=0+ (2.4)
oT — mo Tm T Em TS )
[pm]t = Qm’ z=0, (2.5)

Here the operators L+ are defined by (1.6), and M%, H% and @,, are the mth
Fourier components of the nonlinear terms M+, H* and @ defined in (1.7), (1.10)
and (1.13) respectively. In these equations k is expanded about k,, according to
(1.25). Throughout the subsequent analysis the superseript 4 indicates an
expression defined in 22 0.

For the Fourier component m = 1, it may be shown that M are O(a?), a result
which we shall verify a posteriori. Hence

0 0 0
+ —_— 2k — —_ = 3
L (a ik ik, az+“az) wy = O(a®). (2.6)
The appropriate solution for w, is thus
w, = aAX(T, Z) exp {ik, 2z} + O(a?), 2.7
where
0A%|0Z = F204+[0T + O(e). (2.8)

The solution (2.7) should be compared with the unmodulated linearized solution
(1.14), for which n+ are just +k, by (1.28). The result (2.8) follows most readily
by substituting (2.7) into (2.6), and examining the term O(«?). Its significance is
that it demonstrates that, to leading order in a, modulations in the amplitude A+
propagate vertically upwards (downwards)into Z > 0 ( < 0) at the group velocity
corresponding to the wavenumber k = k,. Indeed it is well known that the vertical
group velocity for an internal gravity wave of vertical wavenumber », horizontal
wavenumber % and intrinsie frequency o F & is (Phillips 1966, p. 175)

—n(w F k)/(n?+k?). (2.9)

Here w equals kc and is zero, while k is &, and n is also k,; hence the group velocity
from (2.9) is + 1. This discussion demonstrates that our solution (2.7) may be
regarded as an internal gravity wave propagating vertically upwards (down-
wards) into Z > 0 (< 0). This is a consequence of our expansion being centred
around the critical wavenumber %,, and it is certainly not true that unstable
modes for which k differs greatly from k, can be regarded as radiating waves.
For a detailed discussion of this point see McIntyre & Weissman (1976).
Turning next to the boundary condition (2.4) for m = 1, it may be shown that
H are O(a?), a result which we shall verify a posteriori. Substituting (2.7) into

(2.4) and relabelling
&(T) = a d(T), (2.10)
it follows that
AXT,0) = +tkA+a0A]oT +O(x?). (2.11)
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Once the nonlinear terms M{, Hf and @, have been evaluated, the boundary
condition (2.5) leads to an amplitude equation for 4(7T). However, the calcula-
tions leading to this equation will be deferred to §3, and the remainder of this
section will be concerned with the Fourier components m = 0 and 2, which we
anticipate to be at least O(a?). The remaining Fourier components (m > 3) are
at least O(«®), and it may be shown that they do not contribute in the weakly
nonlinear situation being considered here.

We turn now to the Fourier component m = 2, and putting m = 2 in (2.3), we

have

2
ik’%w_) wy = ME, 220 (2.12)

0
+
L (a 57

ar”
For subsequent purposes it will be sufficient to know w, to within an error

O(a*), and hence we need only consider the contribution of w,, u,, r; and p, to
Fyo, o and G, [and hence to M3 by (1.7)]. Now (1.1) implies that

thu, + 0w, [0z + o 0w, [0Z = 0. (2.13)

Also, it may be shown, and will be verified a posteriori, that Fy,, F},, and G, are
all O(?). Hence, in particular, (1.4) implies that

w, = +ikr,+aor (0T = 0(a®). (2.14)

Using the results (2.13) and (2.14) it may easily be shown that Fg,, F}, and G,
are each O(a?), and hence M are O(at). Thus, to leading order, the equation for
w, is

LA(0, 24k, 0/02) w, = 0%w,[022 — wy, = Ofa) wy+ O(ad). (2.15)
Here, the first term on the right-hand side is a term representing various opera-
tions (such as ¢ 9/0T) applied to w, which are at least O(a) compared with ws,,
and the second term is M#. Thus the appropriate solution for w,, which is
bounded as z—> + 00, is

wy = aBAF (T, Z) exp ( F 2) + O(a?). (2.186)

Here we have inserted a factor o2 in anticipation of the fact that the boundary
conditions will show that w, is O(a?®) (rather than O(a2) as might have been
expected). Also, it follows from (1.1), (1.2) and (1.4) that

Falik, AF exp(Fz)+0(a?),
atk, A exp (Fz)+0(at), (2.17)
Fa¥k, AFexp (F2)+ O(ad).

Ug

2

Te

We see therefore that the second Fourier components decay exponentially away
from the interface, and unlike the first Fourier component (2.7), are not capable
of transporting energy away from the interface.

Next we must consider the boundary conditions for m = 2. First we relabel

& = a2A,(T). (2.18)
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Then, from (2.4) and (2.5), using (2.16) and (2.17), we have

oo 0A,[0T + 2tk Ay—aAF (T, 0)} +O(a?) = HF, (2.19)
2Bk {AF (T, 0)— A3(T, 0)} = Q. (2.20)
To calculate Hi, we first observe that (1.11) implies that
HF = — 2iku, § + O(a?). (2.21)
Then, from (2.7), (2.8), (2.11) and (2.14), it follows that
Hf = 72?42 —a32ik, 4 04[0T + O(at). (2.22)
Similarly it may be shown that
Q, = a®4ik, A 0A[0T + O(ab). (2.23)
Substituting (2.22) into (2.19), and (2.23) into (2.20), it follows that
A, = ik, A2 —a2ik, A 0A[0T + O(a?), (2.24)
AF(T,0) = (4ik, +2) A2A[oT +O(c). (2.25)

We have now confirmed that 45F are O(1), and so w,, #,, P, and r, are all O(a3),
as we anticipated earlier, although the interfacial displacement &, is O(x?).
Equation (2.25) determines AF(T,0) in terms of A(T), but the behaviour of
AF(T, Z) with respect to the co-ordinate Z is undetermined at this stage. The
appropriate equation to determine this behaviour may be obtained by examining
the O(a?) terms in (2.16). However, we shall not display this calculation here as
it transpires that a knowledge of 43(7', 0) alone is sufficient when considering
the amplitude equation for A(T).

The Fourier component m = 0, or the mean flow, may be obtained by putting
m = 0in (2.3)-(2.5). However it is more instructive to observe that the equations
governing the mean flow may also be obtained by averaging, over one wave-
length, with respect to x. Thus the Fourier component f,(7',z, Z) of some field
variable f(T, z, z, Z) may be defined by

- =o | pae (2.26)
Applying this averaging operation to (1.1), it follows immediately that
wy = 0. (2.27)

Similarly the result of averaging (1.2)-(1.4) is

Oy 0 0
a-—aT = FHO ( z+a52) (uw), (228)
8p0 op, 0 0 ”
— 8Z +7‘0 FVO ( +aﬁ) (w >, (229)
87'0 0 0
—- 2.30
%o =G, = (8z+a8Z) {rw). (2.30)
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Turning next to the boundary conditions, we see immediately from (1.11) that
Hi are identically zero, and hence, on averaging (1.9), it follows that

& =0. (2.31)
Finally, averaging (1.12) shows that
[Po]t = Q. (2.32)

To calculate the nonlinear terms Fy, Fy, Gy and @, to within the required error,
we need only consider the contribution from &, wy, u,, r; and p;. We find that

0A* YES
= 953 $l2_ — A+ 5
Fgo =223 — {|A |2—aik (Ai 57 Ax 57 )}+0(oc ), (2.33)
Fyy = —2a%0| A%|?[0Z + O(a%), (2.34)
2 04+ 0A4%

= 9t — 2 : oa= 6

Gy = 2 6Z6T{ |A%|2 + 2otk (Ai T A o )}+0(o¢ ), (2.35)
94 04
4

Qo = 4ok (A 7 -4 6T) + O(at). (2.36)

It is now apparent that (2.28) determines u,, while (2.30) determines ry; then
(2.29) plus the boundary condition (2.32) determines p,. Also, since (2.33)—(2.35)
show that Fg,, Fj,, and G, are independent of z, it follows that u,, p, and 7, are
independent of z, at least to within the required error. We find that

+
To = 2oc3 0 { |A%|? + 201k (Ai o4z —A* 85;1 )}+0(0&5) (2.37)
04 L 04%
= T 448 _ 4
Do = F 4adik (Ai T A+ 7T ) + O(at). (2.38)

It may easily be verified, using (2.11), that p,, as given by (2.38), will satisfy the
boundary condition (2.32). To find u,, we use (2.8), and hence

Uy = F 40 4%|2+ 0(a?). (2.39)

The ‘constant’ of integration (here an arbitrary function of Z) has been set
equal to zero, as we are assuming that the disturbance originates at the interface
at time 7' = 0. In the next section we shall need to calculate the O(a3) term in
(2.39) explicitly, but we cannot do this until the O(«) term in (2.8) is known
explicitly. This calculation will be displayed in the next section.

Our result for the mean flow shows that p, and r, are O(a3), while the mean
velocity u, is O(a?). Further, it is apparent from (2.28) that the acceleration of
the mean velocity is simply due to the gradient of the Reynolds-stress component
{uw), where the input for (uw) is just the internal gravity wave (2.7), which is
Propagating vertically upwards (downwards) into Z > 0 (< 0) at the group
velocity + 3 [see (2.8)]. For a general analysis of the equations governing the
mean flow associated with a propagating internal gravity wave, see Grimshaw
(1874). In the present context, it may be shown that the solution (2.39) is just
thatneeded to ensure that the total energy flux in the vertical direction is zero,
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although there is a non-zero wave energy flux in the vertical direction associated
with the internal gravity wave (2.7) (see Acheson (1976) for a detailed discussion
of this aspect in a more general context than that considered here). The implica-
tions of (2.39) for the energetics of this system have been discussed recently by
MecIntyre & Weissman (1976).

3. Derivation of the amplitude equation

In this section we shall derive the amplitude equation for A(7") which is
obtained by considering the Fourier component m = 1. First, let us consider
the equation (2.3) for w,, and calculate the nonlinear terms M§ to within an error
O(a®). We let

FHI =F§)}1+FI?1+0(“5)’ etc., (31)

where a superscript (0) indicates the contribution to Fy,, etc., from the inter-
action of the Fourier components m = 0and m = 1, and a superseript (2) indicates
the contribution from the interaction of the Fourier components m = 2 and
m = 1; the higher Fourier components will contribute only to the error term.
Since w,, 4, and 7, are O(a3), FF, ete. are O(a%), and are given by

F@ = —iku,u, —w,Du, —w, Du,,
Fg) = thuyw; — 2itkw,u, — wy Dw, —w, Dws,, (3.2)
O = ikuF, — 2k, ry— wyDF, — 7, Dry.

Here D denotes the total derivative with respect to 2:

D = 9/oz +a d0[0Z. (3.3)
Then, using (2.13), (2.14), (2.16) and (2.17), we can show that
ME® = O(ab). (3.4)

Thus, remarkably, the second Fourier components do not contribute to M,

at least not to O(a?).
Next, since u, is O(a?) but 7, is O(«?) and w, is zero, we see that

F(O_H)I = — ﬂcuo U — oWy auo/az’
P9 = —ikugw,, (3.5)

GQ =—ikuyry +0(a5).
Substituting these relations into (1.7), and using (2.13) and (2.14), we find that
o Uy ., 0w
M# = +u,w, — mkwlﬁ ¥ oukan—Zl +0(a3). (3.6)

Since u, is O(ct?), we have now confirmed that M are O(«®). Putting m =1 in
(2.3), it follows that the equation for w, is

0 0 0
g — ik, — = M+
L (cx 7 ik, o +a 6Z) w, = Mg, (3.7
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Now w, is given by (2.28) and (2.33), and, at least to within an error O(a?), 4, is
a funetion of (Z, T') only and is independent of z. The appropriate solution for w,
is thus [ef. (2.7)]

w, =a AT, Z)exp {ik,2} +0(2?), (3.8)
0
- + = M= 4
where L (a aT,zk ik, +aaz) yZ | M# +0(a) (3.9)
. ES
and Wi =+ dt— azk LY 'kuo%{é—. (3.10)

Here M is O(a?). The term O() in (3.9) is just (2.8), which in turn implies that
U, is given by (2.39). In general, the equation (3.9) for 4t and the equation (2.28)
[with (2.33)] for u, are coupled. However, we may use (2.8), and then (3.9) to
O(a?), to approximate successively the higher derivatives of A+ with respect to Z
by derivatives with respect to 7'. Thus (3.9) may be recast in the form

%‘L —F2 a;;,“ 2aik, 33;2 + da? aa; ik, y At +aNE +0(), (3.11)

where a®NgE =—2ik M +aoMEoZ. (3.12)
From (2.39) and (3.12) we have

Ni =8ik,|A%|24% +0(a). (3.13)

Next we may use (3.11) to O(a) in (2.33), and so express Fy, in terms of time
derivatives. Then (2.28) implies, after some algebraic manipulation, that

£
= T 4a?|4%|2 + 1203k Ai?é——AiaA +0(a). (3.14)
or or
This result may then be substituted into (3.10) and (3.12), and we find that
Ni = 8ik,|A£[2A% + 240 (A+)204%[0T +0(x2). (3.15)

It is instructive to observe that (3.11) may be rewritten in the operational form
a 04+[07 = (+ 2w +2ik,w? + 413 —ik,a’y) AT +a2NF +0(a), (3.16)
where w =100[0T. (3.17)

But, if we put w = ke in #+ in (1.10), and expand simultaneously about © =0
and k =k, [or y =0, q.v. (1.25)], we can show that

+nt =k,—a’yk, + 20 +2k,0? + 403 +0(at). (3.18)
Substituting (3.18) into (3.16) we obtain
0 0A|0Z = (+int—ik) A% +a?NE +0(ad). (3.19)
We have now shown that
Dw, = % +a %UZ! = (tintad+ +adNi)exp {ik, 2} +O(?). (3.20)

Thus the result of totally differentiating w, with respect to z is the nonlinear
term N and the term obtained by applying the linear operator + int to A+; that
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the linear part should take this form is, of course, apparent from an examination
of the unmodulated linear solution (1.14).

We are not in a position to consider the boundary conditions. First, however,
we extract the Fourier component m =1 from (1.2), and deduce that

tkp, = F tku, — o 0u, /0T + Fy,. (3.21)

If we now substitute for 4, from (2.13) and use w [see (3.17)] to represent the time

derivative, we can show that

0 0
—k2p, = (+ik—iw) (5—21 +o aﬂzl) +ikFy,. (3.22)

Putting m =1 in the boundary condition (2.5) and using (3.19), it follows that
—a(k—w)ntAt +alk +w)n—A4A-
= —k2Q, — k[ Fy, 1T — ¥ (k—w) N —a®i(k +0) N7 +0(a5). (3.23)
Here A= etc. are evaluated at z = 0+ . Next, putting m =1 in the boundary
condition (2.4), it follows that

adt =a(+ik—iw) A — HE. (3.24)
Substituting (3.23) into (3.22) then gives
aD(w,k)A =J, (3.25)
where
D(w, k) =—i(k—w)nt—i(k +w)2n-, (3.26)

J = —k2Q, — k[ Fyy ] — a®i(k—w) NF —ad%i(k +0) NT
—(k—w)ntHf +(k +w)n—H7 +0(a5). (3.27)

Equation (3.25) is the amplitude equation we are seeking. Here J is a nonlinear
expression in 4, while 2(v, k) is an ordinary linear differential operator with
respect to 7. If we ignore J, then (3.25) is formally equivalent to the dispersion
relation (1.21) for the unmodulated linear case. From (3.18), we can show that

= —4iw(w? +a%y) +0(a?). (3.28)
Recalling the definition (3.17) of w, it follows that
d 24
aD(w, k) A = 4a4ﬁ (—m+'yA) +O0(a®). (3.29)

Equation (3.29) is the left-hand side of the amplitude equation (3.25), and a note-
worthy feature is that it is O(a!) and contains a third time derivative. This is
a consequence of the fact that (1.21) (which is equivalent to formally equating
D(w, k) to zero) has three solutions when k is near k,. As (3.28) shows, one of these
solutions has w equal to zero and represents an internal gravity wave; the other
two solutions are related to the instability which arises for k greater than k..
Thus the unusual feature of an internal gravity wave co-existing with an in-
stability is here reflected in the form of (3.29).

It remains to calculate the nonlinear term J. This is a long and tedious calcula-
tion and we shall only outline it here. Consider Hi; from (1.13) it follows that

Hf = —ik{uy & + &, + ug & + 382 D%, + |G| 2Duy + O(a8)}. (3.30)
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Here u, and u, are evaluated at z = 0 & . Then we use (2.7), (2.11), (2.13), (2.17),
(2.24) and (2.25) to express (3.30) in terms ofA(T) alone. The result is

B =+ eos|a e v o ik DI APIA + 304222 00, 330)

This confirms that Hf is O(«?), a result which we anticipated earlier. From (1.12),
@, is given by
Q1 = — L[ Dp, )t — &[Dp, 1E - 343D, )F - |62 [P, ]t +O0(a).  (3.32)

From (3.22), p, may be expressed in terms of w,. Further, algebraic manipula-
tion, using (2.7), (2.11), (2.17), (2.24) and (2.25), shows that

Q, = —8at|4|204[oT +0(a®). (3.33)
Similarly, from (3.2) and (3.5) it may be shown that
ik [Fg 1T = 6a4[A]2 +5 442 6—4 +0(a5) (3.34)

Also, using (2.11), we can show that, at Z =04,
- . 04 6A
N = 72]4|*°4 +a8ik |A|2a A2 +0(x2). (3.35)

We now substitute (3.31) and (3.33)—(3.35) into (3.27). Recalling that w is
1 0[0T [see (3.17)], we find that

J = 18x4|A|2% +8a4A2% +0(a5). (3.36)

We have thus established that J is O(a?), and since a 24 in (3.29) is also O(x?),
our choice of a7 [see (1.26)] as the slow time variable has been justified.

4. Discussion of the amplitude equation

The amplitude equation is (3.25) with 2 given by (3.29) and the nonlinear term
J given by (3.36). Hence the amplitude equation is
»®4 o4 04 04

— 9 2 - 27"
—am Ty = ¥4l g5 +24

) (4.1)

As the right-hand side of this equation is not integrable, we have not been able
to obtain its general solution in an explicit form. However, by inspection we see
that (4.1) has the particular solution

A =4, (4.2)

where 4, is an arbitrary (complex) constant. The particular solution (4.2) may
be interpreted as a finite amplitude internal gravity wave, which is stationary
with respect to the interface.

The stability of this solution may be determined by putting

A = A1 +B), (4.3)
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and substituting this into (4.1), so that

#B 0B

oB oB
—57% +'yﬁ = IAolz{%ll +Blzﬁ +2(1 +B)2ﬁ1}- (4.4)

The equations which determine the stability of 4, are obtained by linearizing
this equation with respect to B:

0 o*B
ﬁ{—ﬁg +‘}’BR_173|AolzBR} =0, (4.5)
7] 0*B
ﬁ{"?ﬂv—zl +7B1_%|A0|2BI} =0, (4.6)
where B = By +iB;. (4.7)

Thus the particular solution (4.2) is stable to small perturbations if
|4o|2 > %7 (4.8)

This condition will always be satisfied if y is negative; this is to be expected as
then k is less than k&, [see (1.25)] and the interface z = 0 is stable according to
linearized theory. When v is positive the interface z = 0 is unstable according to
linearized theory. Nevertheless (4.8) shows that the interface can support
a stable finite amplitude internal gravity wave; the amplitude of this wave,
a|d,|, must satisfy (4.8), or from (1.25),

Slady|? > (k—k,)/k,. (4.9)

Lindzen (1974) discussed four observations of internal gravity waves associated
with shear zones, for which the present model may be applicable. The same four
observations are reproduced in table 1, and the observed values of «|4,| are
compared with the observed values of (k—k,)/k,. Note that the crest-to-trough
amplitude is 4a|4,|. Also it is difficult to determine a precise value of U and N
from the observations, as the observed shear layers are seldom simple discon-
tinuities; consequently the values of U and N quoted should be regarded as no
more than representative. In the first two cases, k is less than k, and so (4.9) is
trivially satisfied; in the remaining two cases k is greater than k,and (4.9) is again
satisfied. However, other observations, not reproduced here, show that much
shorter wavelengths are also observed and then (4.9) is not satisfied; presumably
these other observations are cases for which the length scale associated with the
width of the shear zone (ignored in the present model) is more important than
the length scale UN . The equation of the interface associated with the particular
solution (4.2) may be determined from (2.10) and (2.24), and is given by

¢ = 20| 4| cos (kx +Py) — 203 4, | 2 sin (2kz +2¢,) +0(a?), (4.10)
where P, = arg 4,.

Figure 2 shows the graph of { compared with the sinusoidal graph obtained from
linear theory. The graph shows that the effect of the nonlinear termsis to increase
the slope on one face of the wave and to decrease it on the other face. This is
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Fiaure 2. The graph of { determined by (4.10) when |4, is 0-2 (solid line):
the corresponding sinusoidal graph is shown dashed.
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Figure 3. The computed evolution of B with time T*. The graphs displayed are
for |Ao|%/y = 0-2 and for the following initial conditions at T* =0: B = 0-01(1+ 2i),
oB[eT™* = 0-0055, 82B[oT*? = 0-01(—0-3 +4).
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a characteristic feature of many observations of internal gravity waves (q.v.
review by Ottersten et al. 1973).
When v is positive, we put

% — 7 (4.11)
in (4.4), which then becomes
BB B A, , 0B oB
o +W =2 {%]1 -i-B,"'-é--qfk +2(1 +B)2W . (4.12)

This equation was integrated numerically with initial conditions such that

2B | | B
|B],

oT*|" |oT*

These initial conditions represent a small perturbation of the solution (4.2).
When the stability criterion (4.8) is satisfied, the solution for B is a small ampli-
tude oscillation, and is well described by (4.5) and (4.6). However, when (4.8) is
not satisfied, the solution for B soon evolves into a large amplitude, irregular
oscillation. These oscillations depend on the parameter |4,|%/y, and also show
some sensitivity to the initial conditions. A typical oscillation is shown in figure 3.
It is a natural conjecture that the solutions are oscillating about a constant
equilibrium B, where B, is stable and so satisfies the condition

[4o]?|1+By[* > £y. (4.14)

<1, T*=0. (4.13)

ki

In order to test this conjecture, a damping term
— k 82B/oT*2 (4.15)

was inserted into the left-hand side of (4.12), where «, the damping coefficient,
is small and positive. The numerical solutions then converged to a value B,, which
was observed to satisfy (4.14). The results are displayed in table 2. The constant
B, was found to depend solely on |4,|2/y, and wasindependent both of the damp-
ing coefficient (always less than 0-1) and of the initial conditions (4.13). We have
been unable to determine any analytic relation between B, and |4,]2/y, although
the computed values have the intriguing feature that arg (1 +B,) is approxi-
mately 37 in every case. It is also apparent from table 2 that B, is such that
(4.14) is only narrowly satisfied.

Finally, we exhibit some other particular solutions of (4.1), or equivalently
(4.4). First, it may easily be verified that (4.1) has a periodic solution

A = Ayexp (1uT), (4.16)
where W +y = §|A,l2

Here  must be real, and so the amplitude 4, must satisfy (4.8). It can be shown
that this periodic solution is stable to small perturbations. However, none of the
computed solutions showed any tendency to converge to (4.16). Second, if the
initial conditions are such that B, the imaginary part of B, is always zero, then
(4.4) may be integrated. Note, however, from (4.5) and (4.6), that in the unstable
case perturbations in B; grow more rapidly than perturbations in Bj, the real
part of B; indeed, it is the perturbations in B; which determine the stability
6 FLM 76
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[4o|3fy B, $4,|%1+ B, |2y
0-36 —1-80+140-70 1-02
0-32 —1-90440-73 1-07
0-28 —1-99440-78 1-11
0-24 —~2-124-10-88 1-22
0-20 —2:264+40-98 1-27
016 —2:46411-04 1-29
013 — 2624116 1-29
0-10 —277+1-37 1-25
0-07 —2.98+41-70 1-19
0-04 - 3-50+142-30 1-15

TABLE 2. The computed equilibrium values B;. The damping coefficient x was set
at 0-05 for the first five cases, and at 0-075 for the last five cases

criterion. Nevertheless it is of some interest to examine the solution when B; is
identically zero. Then (4.4) becomes

B 3B oB
6Tf R = |4,|23* (1 +Bg)? ’—TE- (4.17)
This equation may be integrated once, and hence
*B
an +yBg = |4o|'2 Bp(B% +3By +3). (4.18)

Here we have put the constant of integration equal to zero; it can be shown that
this may always be achieved by translating the origin for By and adjusting the
value of |4,|. Equation (4.18) can be analysed by standard phase-plane tech-
niques. The equliibrium points are

6y 3
Bp—0, Bp=BE= +(13!A|2 g)

if [40* < 57, (4.19)

and just By = 0 if [4,|? is greater than £&y. If [4y|2 < &y, the equilibrium
point By = 0 is unstable, while Bf are both stable; small perturbations in By,
evolve into large amplitude oscillations about Bf. If | 4|2 > 2y, the equilibrium
point By = 01is stable, while B is unstable and B, is stable; small perturbations
in By evolve into small amplitude oscillations about zero.

This research was aided by an N.E.R.C. grant, and was begun while the author
was on leave at the Department of Mathematics, University College London.
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